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Charge transport through a small topological superconducting island in contact with a normal
and a superconducting electrode occurs through a cycle that involves coherent oscillations of Cooper
pairs and tunneling in/out the normal electrode through a Majorana bound state, the Josephson-
Majorana cycle. We illustrate this mechanism by studying the current-voltage characteristics of
a superconductor – topological superconductor – normal metal single-electron transistor. At low
bias and temperature the Josephson-Majorana cycle is the dominant mechanism for transport. We
discuss a three-terminal configuration where the non-local character of the Majorana bound states
is emergent.
PACS numbers: 71.10.Pm, 73.23.-b, 74.50.+r.
I. INTRODUCTION
Majorana bound states are zero-energy states that oc-
cur at the boundary or in the vortex core of topologi-
cal superconductors.1–3 Besides the genuine interest in
understanding their properties, they play a fundamen-
tal role in the realization of a topological quantum com-
puter.4,5 For these reasons an intense research has started
to find physical systems that support Majorana excita-
tions. A quantum wire with spin-orbit coupling in close
proximity to a superconductor and in the presence of an
external magnetic field has been considered among the
most promising proposals.6,7 The recent experiments8–11
on this system provide the first evidences of the existence
of Majorana bound states in the condensed matter world.
The presence of Majorana bound states in topological
superconductors has a number of distinct signatures. It
is responsible for a fractional Josephson effect,4,6,12,13 it
leads to a resonant Andreev reflection14–18 and to anoma-
lies in interference experiments,19–21 or it can be detected
by measuring the local density of states.22–26
In the presence of quantum fluctuations, affecting the
phase coherence of the topological superconductor, new
effects appear due to a parity constraint linking the dy-
namics of the superconducting phase and of the Majo-
rana fermions. A paradigmatic situation to explore these
phenomena, in the setup of Refs. 4, 6, and 7, is when
the superconducting island in contact with the wire is
small enough so that charging effects27 come into play.28
Fu29 first pointed out that the parity constraint leads
to non-local effects in electron transport. The role of
charging effects on the fractional Josephson effect and
on the Coulomb blockade through a topological super-
conducting transistor was studied in Refs. 30 and 31,
respectively.
In this work we introduce and analyze what turns out
to be the dominant charge transport mechanism occur-
ring at low voltages in hybrid topological single elec-
tron transistors: The Josephson-Majorana cycle. It takes
place when a topological superconducting island is cou-
pled to superconducting and to normal leads (see Fig. 1).
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FIG. 1. The system consists of a superconducting island con-
nected to two normal metals and to a superconductor. A
quantum wire with strong spin-orbit interaction is deposited
on top of the superconducting island. The whole system is
immersed in an external magnetic field. By choosing prop-
erly the parameters the proximized wire enters a topological
phase with two Majorana bound states localized at the two
ends of the wire. Tunneling into the normal leads happens
through the Majorana states while the coupling of the central
island to the superconducting lead is due to the Josephson
effect.
Charges can flow through the island due to the combined
effect of the coherent oscillations of Cooper pairs in the
island and the tunneling between the Majorana state and
the normal leads. Although the process bears some simi-
larities to the Josephson-quasiparticle mechanism present
in Cooper pair transistors32–34 there are also important
differences. In the concluding part of the paper we will
address this issue and show that some features of the
Josephson-Majorana cycle are true consequences of the
non-local character of the Majorana bound states.
The paper is organized as follows. In the next section
we describe the setup, illustrated in Fig. 1, and introduce
the underlying Hamiltonian describing its dynamics. In
Sec. III we compute the current at low bias through
a master-equation approach governing the behavior of
the reduced density matrix of the central island. In the
Coulomb blockade regime the current is dominated by co-
tunneling. These processes will be discussed in Sec. IV.
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2Non-locality of the zero-energy modes will show up only
at this higher order in tunneling. We conclude in Sec. V.
II. THE TOPOLOGICAL SINGLE-ELECTRON
HYBRID TRANSISTOR
The system we consider is illustrated in Fig. 1. It con-
sists of a topological superconducting island (a nanowire
in close proximity to a superconducting island) tunnel-
coupled to normal and superconducting electrodes in a
three-terminal configuration. The island hosts two Majo-
rana bound states at the ends of the wire associated with
the Majorana operators γi (i = L,R), {γi, γj} = δi,j and
γi = γ
†
i .
At low energies (much smaller than the supercon-
ducting gap), the island couples to the superconducting
lead only through Josephson tunneling. The coupling
to the normal leads occurs only via the Majorana bound
states. Throughout the paper we set the two normal elec-
trodes at the same voltage, the only net current will be
from the superconductor to the normal electrodes. The
three-terminal setup will, however, be crucial to discuss
the non-local character of the Josephson-Majorana cycle.
The mesoscopic scale of the central island considered here
requires to take into account the charging energy of the
island. The Hamiltonian of the system reads:
H = HM +HCh +HJ +Hleads +HT , (1)
where the five terms describe coupling of Majorana
states, island charging energy, Josephson coupling to
the superconducting electrode, metallic normal electrode,
and tunneling to the normal lead, respectively. The
coupling between the Majorana fermions is given by
HM = iλγLγR where λ is related to the overlap between
them, which is exponentially small for distances much
larger than the superconducting coherence length. Two
Majorana states can form a zero-energy fermionic level
described by an annihilation operator d = (γL+ iγR)/
√
2
which can be either occupied or empty. Therefore, not
only the number of excess Cooper pairs N but also the
occupation of the d-level enters the charging energy of
the island,
HCh = EC(2N + nd − ng)2 , (2)
where nd = d
†d counts the occupation of the d-level,
ng is the gate charge which can be varied continuously
by changing the gate voltage, and EC = e
2/(2C) is the
charging energy expressed in terms of the total capaci-
tance C of the island. For later convenience, we will label
the eigenstates of the charging energy with the notation
|N,nd〉. To describe the Josephson coupling to the su-
perconducting electrode we use the effective Hamiltonian
HJ = −EJ cos (ϕS − ϕ) , (3)
where EJ is the Josephson coupling energy and ϕS and
ϕ are the phase of the superconducting electrode and the
island condensate respectively. Here, any possible cou-
pling to the Majorana state can be safely ignored.35 The
normal lead Hamiltonian is given by the noninteracting
model
Hleads =
∑
i=L,R
∑
k
kc
†
k,ick,i (4)
with creation (annihilation) operator c†k,i (ck,i) corre-
sponding to a spinless fermion in the free particle state
k with energy k inside the left/right (L/R) normal lead.
Finally, the tunneling through the Majorana state takes
the form,31
HT =
∑
i=L,R
∑
k
tk,ic
†
k,i(d+ δie
−iϕd†) + H.c. , (5)
where tk,i is the hopping amplitude to the k-state in the
i-th lead and δL/R = ±1. The advantage of this formula-
tion introduced by Zazunov et al.31 is the fact that it in-
cludes automatically the constraint on the Hilbert space,
linking the occupation of the Majorana bound state to
the parity of the superconducting condensate.
A non-trivial dynamics in the problem arises since ϕ
and N are canonically conjugated variables, [N, eiϕ] =
eiϕ. The two terms in the tunneling Hamiltonian cor-
respond to regular and anomalous tunneling. The first
one describes the transfer of an electron from the d-level
to the normal lead, and the second one the annihilation
of a Cooper pair inside the island accompanied by the
creation of two electrons, one in the d-level and one in a
normal electrode.
III. JOSEPHSON-MAJORANA CYCLE AND
CURRENT-VOLTAGE CHARACTERISTICS
We start by considering the current-voltage character-
istics at second order in the tunneling amplitudes tk,i. At
bias voltage and temperature smaller than the supercon-
ducting gap, quasiparticle tunneling is suppressed and
coherent Josephson (Cooper pair) tunneling is necessary
for transport through the transistor. From Eq. (2) it fol-
lows that the resonance condition for coherent Cooper
pair oscillations between two charge states that differ
by one Cooper pair is fulfilled at integer values of the
gate charge ng. Around ng ∼ 1, e.g., the lowest energy
states are |N,nd〉 = |0, 0〉, |0, 1〉 and |1, 0〉. A Josephson-
Majorana cycle involving these three states is illustrated
in Fig. 2. Starting from |0, 1〉, a regular tunneling process
releases an electron into the (left or right) normal lead.
Then, the island is recharged with an extra Cooper pair
provided by the Josephson coupling. A second (anoma-
lous) tunneling which annihilates a Cooper pair in order
to create an electron inside the normal electrode and an-
other one filling the d-level, completes the cycle. (A cycle
with the reverse direction can be obtained by the conju-
gates of each tunneling process.) Since the energy of the
state |0, 1〉 is lower than the ones connected by Josephson
3|N=1, nd=0〉
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FIG. 2. Josephson-Majorana cycle for ng ∼ 1. The states
differing by one Cooper pair, |0, 0〉 and |1, 0〉, are coupled via
the Josephson term. The coupling between |0, 1〉 and |0, 0〉 is
given by the regular term in the tunneling Hamiltonian, the
connection between |0, 1〉 and |1, 0〉 by the anomalous one.
tunneling, there will be a threshold voltage for the onset
of current. In the following we will support this simple
picture sketched above with more detailed calculations.
As already mentioned, the two normal leads are kept at
the same voltage. The average of the total (summed over
the two normal leads) current operator, I = IL + IR =
ie
∑
i=L,R
∑
k[c
†
k,ick,i, H], can be expressed as
I = −2e Im
∑
i=L,R
∑
k
tk,ic
†
k,i(d+ δie
−iϕd†) . (6)
To second order in the tunnel couplings the average
current can be conveniently expressed in terms of the
reduced density matrix ρ of the topological supercon-
ducting island which is obtained after tracing out the
fermionic degrees of freedom of the normal metals.
The steady-state current is
〈I〉 = e
2
∑
i=L,R
∑
l,n,m
Γi
[
D
(i)∗
nl D
(i)
ml(Fln + F
∗
lm)
−D(i)lnD(i)∗lm (F¯ ∗nl + F¯ml)
]
ρnm , (7)
where D
(i)
nm and ρnm are the matrix elements of the op-
erators D(i) = d+ δie
−iϕd† and ρ in the basis defined by
the eigenstates |ψn〉 of the Hamiltonian HCh +HJ with
eigenvalues En. The coefficients Fnm are defined as
Fnm = f(∆nm)− i
pi
Re Ψ
(
1
2
+ i
∆nm − eV
2pikBT
)
, (8)
with F¯ = 1 − F , ∆nm = En − Em, f() = 1/[1 +
e(−eV )/kBT ] the Fermi function of the normal electrode,
and Ψ the digamma function. Finally Γi = 2pi|τ |2N(F )
is the tunneling rate with tk,i ∼ τ assumed constant close
to the Fermi energy F , and N(F ) is the density of states
in the normal metal (supposed to be equal for both elec-
trodes). For simplicity we will assume that also the in-
terfaces are identical, therefore ΓL ∼ ΓR = Γ/2.
A convenient way to represent and compute the re-
duced density matrix, in particular when higher-order
tunneling processes are taken into account, is to use a
real-time diagrammatic technique that has been devel-
oped to describe transport through a metallic single-
electron transistor.36,37 In the absence of the Josephson
coupling, EJ = 0, the eigenstates |ψn〉 are defined by
the total island charge |2N + nd〉 ≡ |N,nd〉. Formulated
in this basis, the diagrammatic rules for calculating the
kernels Wnm,n′m′ are the same as given in Ref. 37 but
with a different rate function, α+(ω)→ (Γ/2pi)f(ω) and
α−(ω)→ (Γ/2pi)[1−f(ω)] and extra rules for the overall
sign: each crossing of tunneling lines yields a factor −1
and, furthermore, the factor δL/R needs to be included.
The transformation of the diagrams into the eigenbasis
of HCh +HJ for finite EJ is straightforward. The time
evolution of the reduced density matrix ρ(t) can be cast
in the form
ρ˙nm + i∆nmρnm =
∑
n′,m′
∫ t
−∞
dt′Wnm,n′m′(t, t′)ρn′m′(t′) .
(9)
Expanding to second order in the tunneling, this yields
for the steady-state limit (ρ˙ = 0)38,
i∆nmρnm =
Γ
4
∑
i,n′,m′
[
D
(i)∗
n′nD
(i)
m′m(Fmn′ + F
∗
nm′)
+D
(i)
nn′D
(i)∗
mm′(F¯
∗
n′m + F¯m′n)
]
ρn′m′
− Γ
4
∑
i,l,n′
[
D
(i)
nlD
(i)∗
n′l F
∗
lm +D
(i)∗
ln D
(i)
ln′ F¯ml
]
ρn′m
− Γ
4
∑
i,l,m′
[
D
(i)
m′lD
(i)∗
ml Fln +D
(i)∗
lm′D
(i)
lmF¯
∗
nl
]
ρnm′ . (10)
Having fixed a number of relevant charge states,
Eq. (10) can be solved, together with the normalization
condition
∑
n ρnn = 1 for the reduced density matrix.
This solution can be then used to compute the steady-
state value of the current as a function of bias and gate
voltages. We remark that the current is antisymmet-
ric under the transformation (V, ng) → (−V, 2 − ng).
To obtain this antisymmetry, we note that the trans-
formation results in the substitutions Fnm → F¯ ∗mn and
Dnm → D∗mn. From Eqs. (7) and (10) we conclude that
ρ remains unchanged while the current changes sign.
In the range of the gate charges where only the three
charge states |0, 0〉, |0, 1〉 and |1, 0〉 are involved, a simple
analytical solution can be obtained for zero temperature
when neglecting the imaginary parts of Fnm, which are
associated with energy renormalization induced by the
coupling to the bath. In this case the relevant eigenstates
and eigenvalues are given by
|ψ0〉 = cos θ eiϕL/2 |0〉+ sin θ e−iϕL/2 |2〉
|ψ1〉 = |1〉 (11)
|ψ2〉 = − sin θ eiϕL/2 |0〉+ cos θ e−iϕL/2 |2〉
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FIG. 3. Current-voltage characteristics for kBT = EC/100,
Γ = kBT/10, EJ = EC/5. In the lowest order in the trans-
mission the current is different from zero only in the region
ng ∼ 1 where two states coupled by the Josephson matrix el-
ement are nearly degenerate. Outside the region of maximum
current the threshold voltage V − is visible as a tiny line in
the Coulomb blockade region.
and by
E0 = 12 (E0 + E2)− 12
√
(E2 − E0)2 + E2J
E1 = E1 (12)
E2 = 12 (E0 + E2) + 12
√
(E2 − E0)2 + E2J
respectively. In the previous expression E0 = EC n
2
g,
E1 = EC(1− ng)2 and E2 = EC(2− ng)2, and the angle
θ is defined by tan 2θ = EJ/(E2 − E0).
The current, as a function of bias voltage, increases in
a stepwise fashion at two thresholds V ± defined as
eV ± = EC
[
1± 2
√
(1− ng)2 + (EJ/4EC)2
]
. (13)
For positive voltage V > 0 and 1/2 < ng < 3/2, the
steady-state current is
〈I〉 = eΓE2J

2/[Γ2 + 4E2 − E2J ] V > V +
1/[Γ2gc(ng) + 2E2] |V −| < V < V +
0 V < |V −|
(14)
where E = √[4EC(1− ng)]2 + E2J , gc(ng) = (21+13 x−
x2 − x3)/16, and x = 4EC(1 − ng)/E . We immediately
see that the current vanishes when the Josephson cou-
pling goes to zero. The width of the resonance peak is
δng = EJ/4EC and the peak value for V > V
+ be-
comes maximal for Γ =
√
4E2 − E2J . Going beyond the
three-state approximation requires a numerical solution
of the master equation. In Fig. 3 we show the cur-
rent as a function of the gate charge ng = CVg/e and
the bias charge nV = CV/e. The simple analytical ex-
pression given above fully captures all the properties of
the current-voltage characteristics. The current increases
stepwise (smeared by temperature) with the bias voltage
and shows resonance peaks at integer values of ng.
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FIG. 4. Current-voltage characteristics and its dependence on
the bias charge nV = CV/e and the gate charge ng = CVg/e.
Parameters are: kBT = EC/100, Γ = kBT/10, EJ = Γ/
√
3.
The threshold voltage to observe a current is nV ' ±0.5. The
slight displacement of the resonance condition from ng = 1 is
due to the Lamb shift from the normal leads.
The effect of energy renormalization terms (Lamb
shifts) that were neglected in the analytical formulas pre-
sented above, is highlighted in Fig. 4 where the resonance
condition is slightly displaced from the value ng = 1. Fi-
nally, we comment on the abrupt suppression of the cur-
rent for large bias voltage |nV | > 3/2 that is visible in
Fig. 4. Beyond the threshold nV = 3/2, the new charge
state |1, 1〉 becomes available from |1, 0〉 by tunneling.
The island is then trapped in this new state since the
Josephson coupling to the state |0, 1〉 is suppressed be-
cause of the large energy difference of |1, 1〉 and |0, 1〉. As
a consequence, transport is blocked.
As already anticipated in the introduction we now dis-
cuss the differences between the Josephson-Majorana cy-
cle and the Josephson-quasiparticle cycle32 of Cooper
pair transistors. An obvious difference, but important for
experimental detection, is the voltage scale at which the
Josephson-Majorana cycle takes place. Here there are
no excitations above the gap and therefore the thresh-
old voltage is set by the charging energy solely. Second,
we note that the Josephson-Majorana cycle shows an e-
periodicity with respect to ng.
39
To give a further characterization of the Majorana
states we need to investigate their non-local character. In
the sequential-tunneling approximation this goal cannot
be achieved. One therefore needs to make one step fur-
ther and analyze cotunneling processes where signatures
of non-locality first appear. To this aim it is important
to exploit the fork configuration of Fig. 1.
IV. COTUNNELING PROCESSES
It is worth stressing once more that the two metals
are kept at the same voltage and transport occurs be-
tween the superconducting lead and the normal elec-
trodes. Below the threshold voltage V −, second-order
transport considered so far is suppressed by Coulomb
5blockade. Nevertheless fourth-order (two-particle) pro-
cesses sustain a finite current. Let us consider for illus-
tration the case ng ∼ 1 where the Coulomb threshold
is largest. Here the system remains in its ground state
|0, 1〉 and the states |0, 0〉 and |1, 0〉 needed to complete
the Josephson-Majorana cycle are only virtually occu-
pied. Let us consider for the sake of clarity the simple
three-charge states case discussed previously. To evalu-
ate the current, we determine the cotunneling rates for
transitions in which two electrons are transferred from
the superconducting to the normal leads (or vice versa)
while leaving the island in state |0, 1〉. As intermediate
(virtual) states, we take the two linear combinations of
|0, 0〉 and |1, 0〉 that form the eigenstates of HCh +HJ .
All processes that differ only in their intermediate but
not initial and final states need to be added coherently.
This includes pairs of processes in which the order of
the tunneling events of the two normal lead electrons is
interchanged. Thereby, it is important to distinguish lo-
cal from nonlocal cotunneling. For local cotunneling, the
amplitudes of those pairs carry opposite sign. For nonlo-
cal cotunneling, however, this sign is compensated by the
relative sign of δL = −δR in Eq. (5). As a result, local
cotunneling is strongly suppressed, and nonlocal cotun-
neling dominates.
At ng = 1 we get θ = pi/4 in Eq. (12), and the two rel-
evant eigenstates are the symmetric and antisymmetric
combination of Cooper pair states. The non-local contri-
bution ILR (Left-Right) to the current is given by
〈I〉LR = eΓLΓR
pi
∫ eV
−eV
dω
[ E0
E20 − ω2
− E2E22 − ω2
]2
(15)
On the other side the local (on the same lead) contribu-
tion to the current is given by
〈I〉ii = eΓ
2
i
2pi
∫ eV
−eV
dω
[
ω
E20 − ω2
− ωE22 − ω2
]2
(16)
for i = L,R.
The local and non-local contributions to the current
behave quite differently. For zero temperature and to
lowest order in eV , we find that
〈I〉LR = e2ΓLΓR
pi
E2J
(E2C − E2J/4)2
eV (17)
and, for i = L,R,
〈I〉ii = e4Γ
2
i
3pi
E2CE
2
J
(E2C − E2J/4)4
(eV )3 . (18)
These results obviously extent to any integer value of
ng. At low voltages the local contribution to the current
is strongly suppressed. The results given in Eqs. (15)
and (16) are distinct signatures of the nature of Majo-
rana bound states. The dominant contribution of the
crossed Andreev reflection because of Majorana bound
states has been discussed in literature15 in the absence of
interaction. Here we showed that in the Coulomb block-
ade regime this effect manifests in the cotunneling regime
and that it appears as a different voltage dependence of
the current (linear vs cubic) of the non-local and local
contributions respectively. The difference between local
and non-local transport does not appear to lowest order
since, there, tunneling of different lead electrons occurs
incoherently.
The non-local character of the Majorana states can
be detected by the finite linear cotunneling conductance.
Furthermore, using a counting field at the level of the
quantum master equation34 to derive the statistics of the
current leads to a maximally correlated noise,
〈δI2R〉 = 〈δI2L〉 = 〈δIRδIL〉 , (19)
independently of the length of the wire.15
In the absence of Majorana bound states at the ends
of the wire there would be a local contribution to the
current due to the Andreev processes between the nor-
mal electrodes and the superconducting island. These
processes would be resonant at ng = 1 and, therefore,
would contribute to the linear part of the current-voltage
characteristics.40 In the topological phase, however, the
presence of the Majorana bound states changes the sit-
uation drastically. In this case, as we already remarked,
the ground state is |0, 1〉 and the two-electron processes
discussed in Ref. 40 are Coulomb blocked. At low volt-
age bias, the cotunneling conductance is thus local in the
trivial phase and non-local in the non-trivial topological
phase. A measurement of the cross-correlation noise41
would be able to discriminate between the two situations.
V. CONCLUSIONS
When the superconducting island contacted to the
quantum wire is reduced in dimensions, charging effects
become important and may affect the dynamics of the
system in the Majorana sector. Charging effects in the
presence of Majorana bound states can lead to a rich phe-
nomenology. In this work we considered a case in which
the contemporary presence of tunneling into normal leads
and the Josephson coupling to a superconducting elec-
trode can provide a new transport mechanism similar to
the Josephson-quasiparticle cycle discussed in supercon-
ducting transistors.
In topological hybrid transistors charge transport is
dominated at low voltages by a Josephson-Majorana cy-
cle. In this work we analyzed the current-voltage char-
acteristics of a topological superconducting island con-
nected to a superconducting and two normal leads. When
a bias is applied to the leads (both metals are kept at
the same voltage) current flows due to this mechanism.
It consists in a process in which the Rabi oscillations
of Cooper pairs are accompanied by the tunneling of
electrons from/to Majorana bound states. To lowest or-
der (sequential tunneling) the Josephson-Majorana cycle
6leads to a stepwise current-voltage characteristics mod-
ulated by the gate voltage. The current is maximum at
integer values of ng when the two charge states differing
by one Cooper pair are almost degenerate.
In the sequential-tunneling limit the cycle can reveal
the existence of zero-energy states but cannot ascertain
their non-local character. This fundamental property of
Majorana bound states appears in the next order (co-
tunneling) in the transmission. At this order the three-
terminal setup of Fig. 1 has two different contributions
to the current. There is a local one in which the two elec-
trons forming the Cooper pair tunnel in the same normal
lead. In addition, there is a non-local contribution where
the Cooper pair is split and tunnels through a “virtual”
cycle into the two different leads. This process corre-
sponds to crossed Andreev tunneling. When the central
island is in the topological phase the local contribution is
strongly suppressed (the current is proportional to V 3)
and only the non-local contribution gives rise to the lin-
ear part of the current-voltage characteristics.
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